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Abstract 

Conditions for reversibility (sufficiency) of Bosonic linear channels 
(in particular, Bosonic Gaussian channels) with respect to families of 
pure states are studied. By noting first that non-ideal Bosonic linear 
channels are not reversible with respect to complete families of pure 
states, we focus attention on analysis of reversibility of such channels 
with respect to non-complete orthogonal and non-orthogonal families. 

By using the general reversibility condition expressed in terms of 
a complementary channel a characterization of reversibility properties 
of Bosonic linear channels is obtained and a description of reversed 
families of pure states in the Schrodinger representation is given. Re- 
formulations of these results for Bosonic Gaussian channels and their 
physical interpretation are considered. 

Conditions for existence of discrete classical-quantum subchannels 
and of completely depolarizing subchannels of a Bosonic linear channel 
are obtained in the Appendix. 
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1 Introduction 

A reversibility (sufficiency) of a quantum channel $ : (3(?{a) — ^ with 
respect to a family & of states in (3(7^^) means existence of a quantum 
channel ^ : ©("Hs) ^ 6 ("Ha) such that ^(^(p)) = p for all p G 6 [151 [H]. 

The notion of reversibility of a channel naturally arises in analysis of 
different general questions of quantum information theory, in particular, of 
conditions for preserving of entropic characteristics of quantum states under 
action of a channel [HI [IH 151 151 IIZ] • For example, the famous Petz's theorem 
states that an equality in the inequality 

nmp) II $(a)) < H{p II a), p,ae &{Ha), 

expressing the fundamental monotonicity property of the relative entropy, 
holds if and only if the channel $ is reversible with respect to the states p 
and a. This theorem shows that the Holevo quantit}0 of an ensemble {vTj, p^} 
of quantum states is preserved under action of a quantum channel $, i.e. 

X({vr„<l>(pi)}) = x({7i"i,Pi}), 

if and only if the channel $ is reversible with respect to the family {pi\. 
Further analysis shows that preserving conditions for many others important 

^The Holcvo quantity x({'''iiPi}) ^ J2i^i^iPi II P)i where p = J^i'^iPi^ provides an 
upper bound for accessible classical information which can be obtained by applying a 
quantum measurement [3 113j . 
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characteristics under action of a quantum channel are also reduced to the 
reversibility condition jSf [T^. 

A full description of all quantum channels reversible with respect to a 
given complete family of pure states is presented in [18], where, in particular, 
simple conditions of reversibility are obtained. In this paper we slightly 
strengthen these conditions (by proving an interesting "face property" of 
a set of reversible channels) and apply them to analysis of reversibility of 
Bosonic linear channels. 

By noting that non-ideal Bosonic linear channels are not reversible with 
respect to complete families of pure states, we focus attention on analysis 
of reversibility of such channels with respect to non-complete orthogonal 
and non-orthogonal families. The obtained characterization of reversibility 
properties is then applied to Bosonic Gaussian channels playing a central role 
in quantum information theory O |5l [71 [19] . 

2 Preliminaries 

Let H be a separable Hilbert space, *B('H) and T('H) - the Banach spaces 
of all bounded operators in Ti and of all trace-class operators in 7i corre- 
spondingly, QiTi) - the closed convex subset of T('H) consisting of positive 
operators with unit trace called states [3 US] . 

Denote by and Id-^ the unit operator in a Hilbert space T-L and the 
identity transformation of the Banach space T('H) correspondingly. 

Let H{p) and H{p\\a) be respectively the von Neumann entropy of the 
state p and the quantum relative entropy of the states p and a [TJ [13] . 

A finite or countable collection of states {pi} with the corresponding 
probability distribution {vrj} is called ensemble and denoted {7rj,pj}. The 
state p = Ylii'^iPi is called the average state of the ensemble {7rj,pj}. 

A completely positive trace preserving linear map $ : T('Ha) liTis) 
is called quantum channel [71 [T3]. 

We will use an unitary dilation of a quantum channel [21 [7]: for a given 
channel $ : 1{Ha) ^ I('Hb) one can find separable Hilbert spaces Hj^^He 
having the property 'Ha^'Hd C'Hb®'H_e = 'H, a state pc in &{1-Ld) and an 
unitary operator U in the space % such that this channel can be represented 
as follows 

^p) = TiH^Up (S) pdU*, p e GCHa). (1) 
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The quantum channel 

^^{p) = i:thbUp®pdU\ pe&i-HA), (2) 

is called weak complementary to the channel $ [H [H]. If the state po is 
pure then ([T]) is the Stinespring representation of the channel $ and the 
channel defined by (|2]) coincides with the complementary channel $ to the 
channel The weak complementary channel is not uniquely defined (it 
depends on representation ([1])), but the complementary channel is unique in 
the following sense: if $' : ©(7/^) — ?■ G{T-Le') is a channel defined by ^ via 
another representation ([T]) (with pure state p^) then the channels $ and $' 
are isometrically equivalent in the sense of the following definition [TO] . 

Definition 1. Channels $ : &{Ha) ^ &{Hb) and $' : &{Ha) ^ ©(^s) 
are isometrically equivalent if there exists a partial isometry W : Hb ^ Hb' 
such that 

$'(p) = W^{p)W\ $(p) = H^*$'(p)Vr, p G ©(?^a). 

The notion of isometrical equivalence is very close to the notion of unitary 
equivalence (see the remark after Definition 1 in [T8]). 

Definition 2. A channel $ : ©(Ha) &{T-Lb) is called classical- quantum 
of discrete type (briefly, discrete c-q channel) if it has the following represen- 
tation 

dim "Ha 

= (^IpI^)^^' P e ©(Ha), (3) 
fc=i 

where {|fc)} is an orthonormal basis in I-La and {(7^} is a collection of states 
in &{T-Lb)- If the collection {cfc} consists of different states we will say that 
$ is a discrete C-Q channel. 

We use the term "discrete" here, since in infinite dimensions there exist 
channels naturally called classical-quantum, which has no representation ([3]) 
(see the Appendix in pT|). 

A discrete c-q channel ([3]) for which ak = cr for all /c is a completely 
depolarizing channel $(p) = crTrp. 

Following [13 US] introduce the basic notion of this paper. 
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Definition 3. A channel $ : ©("Ha) — t- G{1-Lb) is reversible with respect 
to a family & C (5 ("Ha) if there exists a channel \l/ : G{1-Lb) G{1-La) such 
that p = ^! o $(p) for all p e ©El 

A general criterion of reversibility of a quantum channel expressed in 
terms of von Neumann algebras theory is obtained in [14J (see also [H]). 

Definition 4. A family 6 of states in ©("H) is complete if for any nonzero 
positive operator A in 03(7^) there exists a state p E G such that TrAp > 0. 

A family {Iv^a) (v^aDaga of pure states in ©("H) is complete if and only if 
the linear hull of the family {\^x)}\eA is dense in 1-L. By Lemma 2 in [T3] an 
arbitrary complete family of states in G{'H) contains a countable complete 
subfamily. 

3 General conditions for reversibility 

In this section we consider general conditions for reversibility of a quantum 
channel with respect to families pure states, which then will be applied to 
analysis of Bosonic linear channels. 

We begin with the following observation showing the "face property" of 
the set of all channels reversible with respect to a given family of states. 

Proposition 1. Let $i and $2 be quantum channels from ©(?^a) to 
GiTis) and $ = p$i + (1 — p)^2, where p G (0,1). // the channel $ is 
reversible with respect to a countable family G of states in ©(Ha) then the 
channels $1 and $2 are reversible with respect to the family G. 

Proof. Let © = {pi} and {vTj} be a non-degenerate probability distribu- 
tion with finite Shannon entropy. Then the Holevo quantity of the ensemble 
{TTi, Pi} is finite. Let p = ^jTr^pj be the average state of this ensemble. By 
the reversibility of the channel $ with respect to the family © we have 

j2^,H{p,\\p) = j2^^Hmp,) imp)) 

i i 

= Y,niH{p^^{p,) + (1 -p)$2(a) lb$i(p) + (1 -P)$2(P)) 

i 

<pJ2n,Hi<^M II $i(p)) + {l-p)J2^,H{<^2{p.) II $2(p)) 

i i 
<pY^ TTiH{pi II p) + {1 - p)Y^ TTiH{pi II p) = ^ TTiHipi II p), 
i i i 

•^This property is also called sufficiency of the channel $ for the family & [l4 l 117 ) . 
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where the inequahties follow from monotonicity and joint convexity of the 
relative entropy. Thus equahties hold in both these inequalities and hence 
the channels $i and $2 preserve the Holevo quantity of the ensemble {tt,, pi}. 
By Theorem 2 in [H] (with the Remark after it) this implies reversibility the 
channels $1 and $2 with respect to the family 6. □ 

Theorem 4 in [18] (coinciding with the first part of Theorem [1] below) 
and Lemma 4 in [18] show that reversibility of a channel with respect to any 
family of pure states is equivalent to reversibility of this channel with respect 
to its particular countable subfamily. Hence in Proposition [T] we may not 
require that the family @ is countable if it consists of pure states. 

Corollary 1. The assertion of Proposition U\ holds for any family & 
consisting of pure states. 

By Lemma 3 in [LSj any complete family & of pure states has the unique 
(finite or countable) decomposition 



where {&k} is a collection of orthogonally non-decomposable families (this 
means that there is no subspace "Hq such that some states (not all!) from &k 
lie in Hq, while the others - in Hq) mutually orthogonal in the sense that 
p -L a if p E &k and a G &j, k 7^ j. 

Let Pk be the projector on the subspace Hk of Ha generated by the states 



The following theorem is a strengthened version of Theorem 4 in [18} . 

Theorem 1. Let $ : &['Ha) ©("^b) be a quantum channel and $ : 
©(Ha) — &{T-iE) its complementary channel. Let & be a complete family 
of pure states in ©(Ha)- The following statements are equivalent: 

(i) the channel $ is reversible with respect to the family &; 

(ii) the channel $ is reversible with respect to the family 




(4) 



k 



in 6fc- Then Ua = ®k'^k and /^^ = J2f,Pk- 
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(iii) ^ is a discrete c-q channel having the representation 

$(p) = 5^[TrP,p]a,, (5) 

k 

where {ck} is a set of states in ©("H^;) such that ranker^ < dimTiB^k; 

(iv) the channel $ is isometrically equivalent to the channel 

k,l p,t 

from ©(Ha) into &{'Ha^'Hb) , where {\ipp)} is a collection of vectors 
in a separable Hilbert space such that '^p\\4'p\\'^ = 1 for each k and 
{\p)} is an orthonormal basis in Hb- 

If statements (i) — (iv) hold then any weak complementary channel to the 
channel ^ is a discrete c-q channel having representation I^Jf] 

Proof. The equivalence of (i) — (iv) is stated in Theorem 4 in jTS] . 

Let ^'^ be a weak complementary channel to the channel $ defined by 
formula ([2]). It suffices to assume that the state pn is not pure, since otherwise 

= $. Let pb = J2i^iPD tie a pure states decomposition of pb- Then 
$ = J2i '^i^i = J2i ^i^fy where and $f are channels defined by 

formulae ([1]) and ([2]) with p^j instead of pb- Since the state p^^ is pure, we 
have $^ = $j for each i. 

By Corollary [T] reversibility of the channel $ with respect to the family 
& implies reversibility of all the channels with respect to this family. By 
the first assertion of the theorem $f (p) = $i(p) = J^kl^^^kPl^l- Hence 

^""{p) = E ^'^r(p) = E ° 

i k i 

To apply Theorem [1] to analysis of reversibility of a channel with respect 
to non-complete families of pure states we will need the following notion. 

Definition 5. A restriction of a channel $ : ©(T/^i) — )■ ©(Hb) to the set 
©(Ho), where T-Lq is a nontrivial subspace of T-La, is called subchannel of $ 
corresponding to the subspace T-Lq. 

■^In contrast to statement (iii) we can not assert here that rankcfe < dimT^s for all k. 
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By definition the (weak) complementary channel to the subchannel of an 
arbitrary channel $ corresponding to any subspace "Hq coincides with the 
subchannel of the (weak) complementary channel $ corresponding to the 
subspace T-Lq, i.e. 

^ = $|6{Wo) and = $'"|e(«„), where ^ = $|e(«o). 

Remark 1. By the last note Theorem [1] can be reformulated for the case 
of non-complete family & by replacing the channels $, $ and by their 
subchannels corresponding to the subspace generated by all the states of &. 

Remark 2. If the family & in Theorem [1] is non-orthogonal then there 
is at least one subspace the above decomposition T-La = 0^ 'Hk such 

that dim'Hko > 1. By Theorem [T] reversibility of the channel $ with respect 
to this family (3 implies that the subchannels of the channels $ and 
corresponding to the subspace Tiko are completely depolarizing and hence the 
subchannel of the channel $ corresponding to the subspace TikQ is perfectly 
reversible, i.e. the channel $ is perfectly reversible on the subspace in 
terms of [7] . By Remark [1] this observation is valid for non-complete non- 
orthogonal family & as well. 

To describe reversibility properties of a quantum channel $ with respect 
to families of pure states it is convenient to introduce the reversibility index 
ri($) = [rii(<I>), ri2($)], in which the both components rii($) and ri2($) take 
values 0,1,2. The first component rii($) characterizes reversibility of the 
channel $ with respect to (w.r.t) complete families of pure states as follows 

rii($) = 2 if $ is reversible w.r.t. a complete nonorthogonal family ©j^ 

rii($) = 1 if $ is reversible w.r.t. a complete orthogonal family & but it is 
not reversible w.r.t. any complete nonorthogonal family (3; 

rii($) = if $ is not reversible w.r.t. any complete family &. 

The second component ri2($) characterizes reversibility of the channel $ 
with respect to non-complete families of pure states and is defined similarly 
to rii($) with the term "complete" replaced by "non-complete". 

So that ri($) = 01 means that the channel $ is not reversible with respect 
to any family of pure states which is either complete or nonorthogonal, but 
it is reversible with respect to some non-complete orthogonal family. 

''^Here and in what follows (3 is a family of pure states. 
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Since reversibility of a channel with respect to some complete family 
implies its reversibility with respect to any subfamily of this family, the 
reversibility index can take the values 

00, 01, 02, 11, 12, 22. 

By using the below Corollary |2] one can construct a channel with any 
reversibility index from the above list excepting the index 12. Existence of a 
channel with ri = 12 is an interesting open question^ 

Corollary 2. Let ^ be a quantum channel and $ its complementary 



channel 


Then 












{ri(<l>) 


= 22} 




{$ 


is 


d-c-q 


which is not d-C-Q}, 


{ri(<l>) 


= 12} 




{$ 


is 


d-C-C, 


) and has c-d subchannels}, 


{ri(<l>) 


= 11} 




{$ 


is 


d-C-Q 


) and has no c-d subchannels}, 


{ri(<l>) 


= 02} 




{$ 


is 


not d- 


c-q and has c-d subchannels}. 


{ri(<l>) 


= 01} 




{$ 


is 


not d- 


c-q and has only d-C-Q subchannels (not c-d)}. 


{ri(<l>) 


= 00} 




{$ 


is 


not d- 


c-q and has no d-c-q subchannels}. 



where the following abbreviations are used: d-c-q - discrete c-q, d-C-Q - 
discrete C-Q (see Definition\^j; c-d - completely depolarizing. 

The following implications also hold (w.c.=weak complementary^ 
{ri($) > 11 } =^ { any w.c. channel is d-c-q}, 
{ri($) 7^ 00 } =^ { any w.c. channel ^'^ has d-c-q subchannels}, 
{ri($) > 02 } =^ { any w.c. channel ^'^ has c-d subchannels}. 

Proof. All the above assertions follow from Theorem [1] with Remarks [1] 
andd □ 

We will show in the next section that the reversibility index takes the 
values 00, 01, 02 and 22 on the class of Bosonic linear channels. 

The following simple observation directly follows from the definitions. 
Lemma 1. Let $ and \E' be arbitrary channels then ri(\I' o $) < ri($). 



^It seems intuitively that any C-Q channel can not have completely depolarizing sub- 
channels, but I can not find a formal proof. I would be grateful for any comments. 
^Here and in what follows X1X2 < Y1Y2 means that Xi < Yi and X2 < Y2. 
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4 Reversibility of Bosonic linear channels 



Let Tix = A,B,...) be the space of irreducible representation of the 
Canonical Commutation Relations (CCR) 

Wx{z)Wx{z') = exp (^-'-z^Axz'^ Wx{z' + z) (6) 

with a symplectic space {Zx, Ax) and the Weyl operators Wx{z) [7, Ch.l2]. 
Denote by sx the number of modes of the system X, i.e. 2sx = dimZx0 

A Bosonic linear channel $ : T('Hyi) — ?■ %{T-Lb) is defined via the action 
of its dual $* : ^{Hb) ^{Ua) on the Weyl operators: 

^*{Wb{z)) = WA{Kz)f{z), z G Zb, (7) 

where is a linear operator Zb Z^, and f{z) is a complex continu- 
ous function on Zb such that /(O) = 1 and the matrix with the elements 
f{zs — Zr) exp ( I -^J[Ab — K"^ AAK]zr) is positive for any finite subset {zs} 
of Zb [Z1IH]I^ This channel will be denoted ^kj- 

We will assume existence of an unitary dilation for the channel ^kJi 
i.e. existence of such Bosonic systems D and E that this channel can be 
represented as a restriction of a corresponding unitary evolution of the com- 
posite system AD = BE (described by the symplectic space Z = Za® Zd = 
Zb © Ze) provided that the system D is in a particular state po, i-e. 

^^Kji^Biz)) = Trnni^A ® Pd)U^{Wb{z) ® Ie)Ut, z G Zb, (8) 

where Ut is the unitary operator in the space T-La — Hb imple- 

menting the symplectic transformation 



K L 

Kd Ld 



(9) 



of the space Z (here L : Ze — )■ Za, Kn : Zb — ?• Zjj, : Ze ^ Zjj are 
appropriate linear operators) [21 El [71 E] Q Note that 

f{z) = <Pp^{KDz), (10) 



^Some basic notions concerning symplectic spaces are presented in Appendix 6.2. 
^This channel is also called quasi- free [4]. 

^Existence of such unitary dilation is proved for Bosonic Gaussian channels (as far as I 
know), but it is reasonable to assume its existence for all Bosonic linear channels. In any 
case, we will consider in what follows such Bosonic linear channels for which this unitary 
dilation exists. 
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where is the characteristic function of the state po- 

The weak complementary channel (see Section 2) is defined as follows 

mjY{WE{z)) = TthAIa ® PoWilB ® We{z))Ut ^^^^ 
= TiHnilA ® Pd){Wa{Lz) ® Wd{Ldz)) = Wa{Lz)^pALdz), z e Ze. 

Thus is ^ Bosonic linear channel as well. If the state pz? is pure then 
= ^K,f is the complementary channel to the channel ^kj- 

4.1 A characterization of the reversibiUty properties 

By Theorem [1] (with Remarks [T][2] and Corollary [2]) to study reversibility 
properties of the channel ^kj we have to answer to the following questions 
concerning the complementary (weak complementary) channel ^kj ("^x/)- 

• under what conditions is /) a discrete c-q channel? 

• under what conditions do discrete c-q subchannels of ^kj (^kj) exist? 

• under what conditions do completely depolarizing subchannels of 
i^'^j) exist? 

Answers to these questions for an arbitrary Bosonic linear channel are 
given in Propositions [2] and [3] in Appendix 6.1. These propositions and 
Corollary [2] imply the following characterization of reversibility of the channel 

Theorem 2. The reversibility index for a Bosonic linear channel ^kj 
can take the values 00,01,02,22 and 

{ri(<l>x./) = 22} <^ {^K,f is the noiseless channel 

Let ^Kj be a noised^ Bosonic linear channel for which there exists unitary 
dilation Let Zf = {zEZB\ f{z) = 1} . Then 

{ri($;,,^) = 00} ^ {Zj = {0}}, 

{ ri($x,/) = 01 } {Zf is a nontrivial isotropic subspace of Zb }, (12) 
{ ri($x,/) = 02 } ^ {3 zi, Z2 e Zf such that Ab{zi, Z2) 7^ }. 

noiseless Bosonic linear channel is defined by (O, in which if is a symplectic trans- 
formation in Za = Zb and f{z) = 1. 

-'^-'^Here and in what follows we say that a channel is noised if it is not noiseless. 
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Explicit representations of families of pure states with respect to which 
the channel ^kj is reversible in the cases ri($/^j) = 01, 02 are described in 
Subsection 4.3. 

Proof. The first assertion of the theorem follows from Corollary [2] and 
Proposition [2] in Appendix 6.1. 

In proving the second one we may assume that ([8])- ([9]) is a Stinespring 
dilation for the channel ^kj, i-e. the state pn is pure. Then the comple- 
mentary channel to the channel / is a Bosonic linear channel defined by 

Since Zj = kerKi), Lemma [2] below shows that RanL = [K{Zf)]-^, 
kei K n Zf = {0} and that Aa{Kzi, KZ2) = Ab{zi,Z2) for all ,21,-22 ^ Zj. 
Hence all the statements in f[T^ follow from Corollary |2] and Proposition [3] 
in Appendix 6.1. □ 

Remark 3. Implication " <^= " in the last statement in f[T^ is intuitively 
clear and can be proved without using Theorem |2] by explicit construction 
of reversing channels for families of all pure states supported by particular 
subspaces of Ha- Moreover, these reversing channels can be chosen from the 
class of Bosonic linear channels. 

Indeed, if Z^ is a nontrivial symplectic subspace of Zf = ker Kjj then 
the second assertion of Lemma |2] below shows that the restriction K'^ of the 
operator K to the subspace Z^ is a symplectic embedding of this subspace 
into Za- Let = K{Z%). Then Zx = Z^ ® Z\, where Z\ = 
and hence lix = V-x ^ ^*x^ ^ = A B. Let a be a given arbitrary state in 
Gin*A) and = {p^a\pe ©M)} C 6(7^^). Let ^O(-) = f//<o(-)f/^o be 
a channel from ©(H^) to QlTi^), where Uko is the unitary operator from 
71% onto implementing the symplectic transformation : Z^ — > Za, 
and be the completely depolarizing channel from ©("Hg) to ©(H^) with 
the output state a. Then (g) \E'* is a Bosonic linear channel from @{T-Lb) 
to &{'Ha) and it is easy to see that ® ^*{^kj{<^)) = ^ for all u e ©^. 

Lemma 2. Let T he a symplectic transformation from Zb © Ze onto 
Za © Zd defined by matrix Then 

[RanL]^ = K(ker Kd) and ker Kd = AbK^Aa ([RanL]^) , 

where [RanL]-*- is the skew- orthogonal complementary subspace to the sub- 
space RanL = {L^j^g^^ ^ 

^^We will always use this sense of the symbol " _L " dealing with a subspace of a 
symplectic space. 
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The restriction of the operator K (correspondingly, K'^Aj^^) to the sub- 
space ker Kd (correspondingly, [RanL]-^) is non- degenerate and symplectic, 
i.e. it preserves the corresponding skew- symmetrical forms Ax, X = A,B. 

This lemma shows that for a given Bosonic hnear channel $a',/ the sub- 
space RanL does not depend on a choice of its unitary dilation (IH])-(inD- 

Proof. Note first that [RanL]-^ = ker[L^A^]. 

Since the matrix T defined in is symplectic, we have (cf.[H]) 

Ab = K'^AaK + KIAdKd, 

= L^AaK + LIAdKd, (13) 
Ae = L^AaL + LIAdLd- 

Since the group of symplectic matrices is closed under transposition, the 
matrix T'^ is symplectic. It implies the following equations (similar to f lT3|) ) 

Aa = KAbK^ + LAeL^, 

= KoAbK^ + LdAeL'^, (14) 
Ad = KdAbKI + LdAeLI. 

The second equations in (IT^ and ([H]) imply respectively 

KikeiKo) C ker[L^A^], AbK^ AA{keT[L^ Aa]) C kei Kd, (15) 

while the first equations in f ll3p and f ll4p show that 

ker K n ker = {0}, kei[ABK'^AA] n ker [L^A^] = {0}, 

since the matrices A^ and A^ are non-degenerate. It follows, by the dimen- 
sion arguments, that " = " holds in the both inclusions in f llSp . 

The last assertions of the lemma directly follow from the first equations 
in (in]) and dH]). □ 

4.2 The case of Gaussian channels 

A very important class of Bosonic linear channels constitutes Bosonic Gaus- 
sian channels defined by ([7]) with the Gaussian function 

f{z) = exp [il^ z — ^z'^az'j , 
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where / is a 2 s^- dimensional real row and a is a real symmetric {2s b) x {2s b) 
matrix satisfying the inequality 

a>±'- [Ab - K^AaK] . (16) 

Bosonic Gaussian channels can be defined as channels having unitary dila- 
tion ([HJ-Q with Gaussian state pd and / = Kj^mD, a = Kj^aoKr), where 
tud and an are the mean vector and the covariance matrix of the state 
Pd [3 Ch.l2]. Thus Zf = keri^o = kera in this case and Theorem [2] is 
reformulated for Bosonic Gaussian channels as follows. 

Corollary 3. Let ^ be a noised Bosonic Gaussian channel with the 
parameters K,l,a. Then 

{ ri($K,/) = 00 } ^ { det a ^ }, 

{ri($x,/) = 01 } <(=^ {kera is a nontrivial isotropic suhspace of Zb}, 
{n{^K,f) = 02} ^ {3 zi,Z2e keia such that Ab{zi, Z2) 7^ 0}. 

Physically, this characterization of reversibility of a Gaussian channel $ 
is intuitively clear, since in the Heisenberg picture the condition det a 7^ 
means that the channel $* injects quantum noise in all canonical variables 
of the system B, while degeneracy of the matrix a is equivalent to existence 
of noise-free canonical variables. Corollary [3] shows that 

- the channel $ is reversible with respect to some families of pure states if 

and only if the set of noise-free canonical variables is nonempty; 

- the channel $ is reversible only with respect to some orthogonal families 

of pure states if and only if all noise-free canonical variables commute; 

- the channel $ is reversible with respect to some non-orthogonal families of 

pure states (and hence it is perfectly reversible on a particular subspace) 
if and only if there are non-commuting noise-free canonical variables. 

4.3 Explicit forms of reversed families 

In this subsection we will give an explicit description of families of pure states 
with respect to which the Bosonic linear channel ^kj is reversible. We will 
call they reversed families for the channel ^kj and show that these families 
are completely determined by the subspace K{Zf) C Za- 
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By Theorem [2] it suffices to consider the cases n{^K,f) = 01,02. 

ri($K,f) = 01. By Theorem [2] and Lemma [2] in this case K{Zf) is a non- 
trivial isotropic subspace of and hence the subspace RanL = [K{Zf)]-^ 
contains a maximal isotropic subspace of Za- By Lemma [6] in Appendix 6.2 
there exists a symplectic basis {cj, h^} in Za such that {ei, e^^, hd+i, h^^} 
is a basis in RanL, < d < sa- If we identify the space T-La with the space 
L2(M*'^) of complex- valued functions of sa variables (which will be denoted 
^1, ■■■,C,sa) and the Weyl operators WA{ei) and WA{hi) with the operators 

i^i^i, ^sa) ^ e'^'i^i^i, ■■; ^sa) and ^^(^1, ^sa) ^ i^i^u -, 6 + 1, 6a) 

then Theorem [T] and the arguments from the proof of Proposition [3] in Ap- 
pendix 6.1 show that all reversed families of pure states for the channel 
^Kj corresponds to families {ipk} of functions in L2(M*'*) with unit norm 
satisfying the following condition 

■ Sy,^,,...,y^^^P, = (in UW-^)) V(y,+i, J e M^--^ VA; ^ j, 

where Sy^+i,...,,/^^ is a shift operator by the vector (0, 0, y^+i, ...,?/sa)- 

This condition means, roughly speaking, that all shifts in R*-* of the supports 
of the functions of the family {ipk} along the last Sa — d coordinates do not 
intersect each other. 

As an example of a reversed family one can take the family of product 
pure states \(f>k ® v){4>k ® V'l corresponding to the family of functions 

^fc(6, 6a) = </'A:(6, 6)'/5(^d+i, 6a)' 

where {(pk} is a family of functions in L2(M'^) with pairwise disjoint supports 
and ip is a given function in L2(M*'*~'^). 

ri($K,f) = 02. By Theorem [2] in this case there exists a symplectic 
subspace Z^ of Zj. By Lemma [2] Z^ = K{Z^) a symplectic subspace 
of [RanL]-*- = K{Zf). Let {cj, /ij}^^]^ be a symplectic basis in Za such 
that {ci, hi}f^i is a symplectic basis in Za- If we identify the space Ha 
with the space L2(M'^^) as before then Theorem [1] and the arguments from 
the proof of Proposition [3] in Appendix 6.1 show that subspaces of perfect 
reversibility of the channel ^kj correspond to the subspaces of the form 
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(in agreement with the observation in Re- 



mark . 

Example: one-mode Gaussian channels. The simplest class of Bosonic 
Gaussian channels are channels for which the input and the output are one- 
mode Bosonic systems: dim Za = dim Zb = 2. 

A classification of all one- mode Gaussian channels is obtained in [9] , where 
it is shown that there are only six canonical types Ai, A2, -Bi, -B2, C*, -D of such 
channels (see details in [11 IH]). 

By Corollary [3] all non-ideal one-mode Gaussian channels are not re- 
versible with respect to any families of pure states excepting the channel 
Bi which has reversibility index 01. 

By identifying the space I-La with the space L2(M) of complex- valued 
functions of one variable ^ and the canonical variables q and p with the 
operators 'ipiC) ^ ^4^(0 ^"^^ "^(0 ^ ^^V^'(0 can describe all families of 
pure states with respect to which the channel Bi is reversible. Indeed, since 
in this case (cf.|9]) 
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the observation from Subsection 4.3 show that all reversed families of pure 
states for this channel have the form 



{|V'fc)(V'fc|}, where {ipk} C L2(M) such that ipk ■ ipj = (in L2(M)) VA; ^ j. 

i.e., roughly speaking, all reversed families of pure states correspond to fam- 
ilies of functions with mutually disjoint supports. 

This conclusion agrees with the physical nature of the channel Bi, whose 
action consists in injection noise into only one canonical variable p. The 
explicit formula for the channel Bi (formula (7.1) in [TD] with q replaced 
by p) shows that this channel transforms pure states from the above family 
{\ipk){ipk\} into states supported by mutually orthogonal subspaces. 



5 Applications 

Study of reversibility properties of Bosonic linear channels with respect to 
families of pure states was initially motivated by the question of (non)-pre- 
serving of the Holevo quantity of arbitrary (discrete or continuous) ensembles 
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of pure states under action of such channels, i.e. the question of vahdity of 
an equahty in the general inequality 



< (17) 

which holds, by monotonicity of the relative entropy, for an arbitrary channel 
$ : ©(Ha) — ^ &(Hb) and any generalized ensemble /i of states in ©(Ha) 
(defined Borel probability measure on ©(Ha))- 

Denote by 7^(6 (Ha)) the set of all generalized ensembles of pure states 
(probability measures on ©(Ha) supported by pure states). Denote by 
Pc(©(Ha)) and Po(©(Ha)) the subsets of ^(©(Ha)) consisting respectively 
of all ensembles with non-degenerate average state (barycenter) and of all 
ensembles of mutually orthogonal pure states. 

For a given channel $ : ©(Ha) — ^ ©(H_b) let 'P($) be the subset of 
P(©(Ha)) consisting of all ensembles for which an equality holds in (|T7|) . 

Theorem 5 in [18] imply the following statements: 

{ri(<l>) = 00} ^ {V{^) = 0}, 

{ri($) = 01} ^ {P(<l>) cPo\Pc}, 

{ri($) = 02} ^ {P(<l>) cn^c}, 

{ri($) = ll} ^ {P(<l>)cPo}, 

{ ri($) = 12 } ^ { V{<^) C U [V\V,] }, 

where we write "P^, instead of V^{&{%a)) for brevity. 
Thus, Theorem [2] implies the following assertions. 

Corollary 4. Let ^kj be a Bosonic linear channel, Zf = {z\ f{z) = 1}. 

A) If Zf = {0} then x($x,/(/i)) < x(/^) /c"^ '^'^?/ ensemble /i of pure states; 

B) // zs an isotropic suhspace then the above inequality holds for any 
non- orthogonal (in particular, continuous) ensemble fi of pure states. 

By using the observations in Subsection 4.3 one can describe all ensembles 
/i of pure states for which xi^KjifJ')) = xif^)- By these observations all such 
ensembles are completely determined by the subspace K{Zf). 
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6 Appendix 



6.1 On discrete c-q subchannels and completely depo- 
larizing subchannels of Bosonic linear channels 

In [TT| Proposition 4] it is shown that any nontrivial Bosonic Gaussian chan- 
nel is not a discrete c-q channel (it is a discrete c-q channel only if it is 
completely depolarizing). The same arguments hold true for an arbitrary 
Bosonic linear channel (defined by ([7])), implying the following propo- 
sition. 

Proposition 2. ^kj is a discrete c-q channel if and only if it is com- 
pletely depolarizing (i.e. if and only if K = 0). 

In this section we explore necessary and sufficient conditions of existence 
of discrete c-q subchannels and of completely depolarizing subchannels of a 
Bosonic linear channel ^kj- 

We begin with the following simple observations. 

Lemma 3. A) The channel ^kj (defined by ^) has a discrete c-q 
subchannel corresponding to a subspace T-Lq, i.e. 

'^KAp) = Y.^k\p\k)crk Wpe&CHo), (18) 

k 

where {\k)} is an orthonormal basis in Tio, if and only if the following con- 
dition holds 

{k\WA{Kz)\j)=0 \/zeZB (19) 

for all k j. Under this condition cr^ = aj in /[T^) if and only if 

{k\WA{Kz)\k) = {j\WA{Kz)\j) yzeZs. (20) 

B) The channel ^kj has a completely depolarizing subchannel corre- 
sponding to a subspace T-Lq if and only if there exists an orthonormal basis 
{\k)} ofHo such that conditions l[T^) and hold for all k ^ j. 

Proof. Since the dual map to the subchannel of ^kj corresponding to 
the subspace "Hq has the form P^*j^ j{-)P, where P is the projector onto 
T-Lq, and the family {WB{z)}z(zZg generates ^(Hb), representation f[T8l) is 
equivalent to validity of the following equality 

PWA{Kz)Pf{z) = P<!>*j,j{Wb{z))P = J2[T^^WB{z)ak]\k){k\, 

k 
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for all z G Zb- This implies the both assertions of the lemmaQ □ 

Lemma [3] is essentially used in the proof of the below stated proposition 
in which we refer to the following condition for the linear operator K: 

Ran/T = \Kz^z(^Zb contains a maximal isotropic subspace of Z^-, (21) 

meaning that there are no Z\^Z2 G ker[K^AA] such that A^(zi, Z2) ^ 0. 

Proposition 3. The channel ^kj has discrete c-q subchannels if and 
only if ranki^ < dimZ^. Under this condition 

{ ^Kj has only C-Q subchannels } ^ { condition ^2l\) is valid} 

{ ^Kj has comp. dep. subchannels } ^ { condition ^21\) is not valid } 

(C-Q subchannel is discrete c-q subchannel / flgj) with 7^ ctj for k 7^ j). 

Proof. If rankii" = dimZ^ then the family {Wa{Kz)} z^Zb of Weyl 
operators acts irreducibly on T-La- Hence condition ( !T9|) can not be valid. 

To complete the proof it suffices to check the implications " " in the 
both equivalence statements of the proposition. 

If rankK < dimZ^ and condition (12T|) holds then Lemma |6] in the 
next section implies existence of a symplectic basis {cj, hi} in Za such that 
{ei, Cs^, /irf+i, hsj^} is a basis in Ran/T, d < sa- Let Z^ be a subspace of 
Zb with the basis {2;^, 2;^^, -z^+i, z'l^} such that Cj = Kz^ for all i = 1,sa 
and hi = Kz^ for alH = c? + 1, s^. Thus for any vector z G Z'^ represented 
as z = Et=l^^^! + T.i=d+ly^^t ix^,...,XsJ G W\ , . . . , J G W^-" 
we have 

(SA SA \ 

i=l i=d+l / 

= XWA{xiei) ■ ... ■ WA^Xs^esJ ■ WA{yd+ihd+i) ■ ••• ■ WAiysA^SA), 

where A = e*['''*+i^''+i+---+''=AyM] ^ 0. 

By identifying the space Ha with the space L2(M*'*) of complex- valued 
functions of sa variables (which will be denoted ^i,...,^sa) the Weyl 
operators WA^ei) and WA^hi) with the operators 

^(^1, ^sa) ^ e'^'^i^i, and ^,^) ^ V(^i, 6 + 1, 6a) 

""^^If /(z) = then there exists such c > that f{cz) ^ (smce the function / is 
continuous and /(O) = 1). 



19 



the equality in (fT^ for the vector z can be rewritten as follows 

where 6a) = i^ji^i, U ^d+i + Vd+i, , - Asa + Vsa)- 

This equality is valid for all (xi, Xg^) G and {yd+i, ^ M'^'*"'^ 

(that is for all z G Z^) if and only if 

for almost all (6, 6^) G M"*-* and all Z/s^) G M**^"'^. Since Ran/T = 

i^(-Z'g), it implies that the condition of existence a discrete c-q subchannel 
in Lemma |3jA. in this case is expressed as follows 

■ Sy,^„...,y^Jj = (in UW^)) V(y,+i, ...,!/, J G M^^-^ VA; ^ j. (22) 

This condition means, roughly speaking, that all shifts in M*^ of the supports 
of the functions of the family {tpk} along the last sa — d coordinates do not 
intersect each other. 

As an example of a family satisfying condition ( 122|) one can take the 
family of functions 

^fc(6, 6a) = M^i^ •-, 6)<^(6+i, 6a)' (23) 

where {(pk} is a family of functions in L2(M"') with pairwise disjoint supports 
and 9? is a given function in L2(M*'*~'^). It is clear that this family (consisting 
of tensor product vectors 10^ ® v^)) is not a "general solution" of ( 122|) . 

To show that for any k ^ j the equality in (120 p can not be valid for all 
z e Zb note that this equality for the vector z = X]i=i 

be 

rewritten as follows 

j \M^u 6A)re^^^^«^+-+^^-«^-)c^6, •-, d^sA 

= I |^,(6,...,6A)|V(^"^^+-+^'^-«^-)rf6,-,c?6A- 

Validity of this equality for all {xi, ...,Xs^) G W-^ means that the classical 
characteristic functions of the probability densities {ipkl"^ and {ipjl"^ coincide. 
But this obviously contradicts to condition f l2^ . 
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If lankK < dim Za and condition fl2ip is not valid then the skew-orthogonal 
complement to the subspace Rani^ contains a symplectic subspace (this 
also follows from Lemma [6]). Let {cj, be a symplectic basis in Za such 

that {ei,hi}f^^ forms a symplectic basis in Z^- 

By identifying the space Ha with the space L2(M'*-'^) as before we see that 
the equalities in flTI?]) and in f l2U]) can be rewritten respectively as 

j M^i, ^SA)iWA{Kz)i;,){^,, Jd^i, d^sA = (24) 

and 

(25) 

where {ipk} is an orthonormal family of functions in L2(ffi*^). 

Since for any z G Zb the vector Kz has no components corresponding to 
the vectors {cj, /ii}f=i, one can satisfy equalities and f l25l) for all k ^ j 
and all z G by taking the family of functions ( 123|) . in which {0^} is an 
arbitrary orthonormal basis in L2(M'^) and (y9 is a given function in L2{Mf^~'^). 
Thus, by Lemma |3|3, the restriction of the channel ^kj to any subspace of 
the form L2(M'^) ® {cly?)}, G L2(]R'''*~'^), is completely depolarizing. □ 

If two Bosonic systems are described by the symplectic spaces Zi and 
Z2 then the composite Bosonic system is described by the symplectic space 
Zi © Z2 with the following bipartite Weyl operators 

^^12(^1, ^2) = Wi{zi) ® W2{Z2). 

If ^Kij, '■ &{T-LAi) ^CHBi), i = 1,2, are Bosonic linear channels then 
the channel ^KiJi ® ^K2,f2 is a Bosonic linear channel defined by ([7]) with 

Za = Zai © Za2, Zb = Zbj © Zb2 and 

K = Ki®K2: Zb,® Zb^ ^ Za, © Za^, f{zi, Z2) = fi{zi)f2{z2), 

i.e. 

Proposition [3] immediately implies the following observations. 
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Corollary 5. Let ^KiJi ^K2.f2 Bosonic linear channels. 

A) If the both channels ^KiJi o-nd ^K2j2 have no discrete c-q subchannels 
then the channel ® ^K2j2 ^^■^ discrete c-q subchannels. 

B) If the both channels (I'^d ^K2j2 have no completely depolarizing 
subchannels then the channel ® completely depolarizing 
subchannels. 

Remark 4. If $ and \1' are arbitrary quantum channels then existence 
of discrete c-q (completely depolarizing) subchannels of $ obviously implies 
the same property for the channel $ (g) \E'. 

But it is not clear how to prove the assertions of Corollary [S] for arbitrary 
quantum channels (even in finite dimensions) 



6.2 Some facts from the theory of symplectic spaces 

In what follows Z is a 2s- dimensional symplectic space with the nondegener- 
ate skew-symmetric form A PQ[7l[T2]. The set of vectors {ei, e^, hi, kg} 
is called symplectic basis in Z if A{ei,ej) = A{hi,hj) = for all i,j, but 
A{ei,hj) = 6ij. For an arbitrary subspace L G Z one can define its skew- 
orthogonal complement L"*- = {z E Z \ A{z,z') = V2;' G L}. Despite the 
fact that L fl L-*- 7^ {0} in general, we always have the familiar relations 

[L^]^ = L and dim L + dim = dim Z. (26) 

A linear transformation T : Z Z is called symplectic if A{Tzi,Tz2) = 
A( Zi, Z2) for all Zi,Z2 G Z. A symplectic transformation maps any symplectic 
basis to symplectic basis and vice versa: any two symplectic base are related 
by the particular symplectic transformation. 

A subspace L of Z is called symplectic if the form A is non-degenerate on 
L, in this case L has even dimension and can be considered as a symplectic 
space of itself. We will use the following simple observation. 

Lemma 4. If L is a symplectic subspace of Z then L-^ is a symplectic 
subspace of Z and Z = L + L-^ (i.e. Z = lin(L U L-*-) and L fl = {0} ). 

Proof. Since L is symplectic, L fl L-^ = {0} and the second relation in 
([26]) implies Z = L + L^. 

^^1 would be grateful for any comments concerning this question. 
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Assume there is a vector zq G L-^ such that A{zo, z) = for all z G L-^. 
Then A{zq,z + z') = for all z' & L, z ^ L-^, which implies zq = 0, since 
Z = L + L^. □ 

Note that by joining the symplectic base in L and in L-*- we obtain a 
symplectic basis in Z. 

A sum of mutually skew-orthogonal symplectic subspaces Li,...,L„ will 
be denoted Li © ... © L„. 

A subspace L of Z is called isotropic if the form A equals to zero on L. 
In this case L has dimension < s. We will use the following observation. 

Lemma 5. If L is an isotropic subspace of Z then there exists a sym- 
plectic basis {cj, hi} in Z such that {ei, q} C Li, where d = dimL. 

Proof. Let {cj, hi} be an arbitrary symplectic basis in Z and L' the 
isotropic subspace of Z generated by the vectors ei,...,ed- Since any two 
isotropic subspaces of the same dimension can be transformed to each other 
by symplectic transformation (see [12]), there is a symplectic transformation 
T such that L = T{L'). The basis {cj = Tei,hi = Thi} has the required 
properties. □ 

Now we can prove the lemma used in the proof of Proposition [31 

Lemma 6. Let L be an arbitrary subspace of Z . Then there exists a 
symplectic basis in Z such that dimL vectors of this basis lie in L. 

Proof. If the subspace L is either symplectic or isotropic then the asser- 
tion of the lemma follows respectively from Lemma H] (with the remark after 
it) and Lemma [51 

If the subspace L is neither symplectic nor isotropic then Li = Ld L-^ = 
{z G L\A{z,z') = 0, \/z' G L} is a nontrivial subspace of L. Let L2 be 
an arbitrary subspace such that L = Li + L2, i.e. L = lin(Li U L2) and 
Li n L2 = {0}. Then the subspace L2 is symplectic. Indeed, if there is a 
vector zo G L2 such that A{zo, z) = for all z E L2 then A{zo, z + z') = 
for all z' G Li, z G L2, which implies Zq G Li and hence Zq = 0. 

By Lemma [H the subspace is symplectic. It obviously contains the 
isotropic subspace Li. By Lemma[Slthere exists a symplectic basis {cj, hi} in 
L2 such that {ei, ...,ed} C Li, where d = dimLi. By joining this basis and 
any symplectic basis in L2 we obtain a basis with the required properties. □ 
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